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ABSTRACT 

Three phonon scattering is the primary mechanism by which 
phonon transport is impeded in insulating and semiconducting 
bulk materials.  Accurate computational modeling of this 
scattering mechanism is required for high fidelity simulations of 
thermal transport across the ballistic (quantum mechanics) to 
Fourier (continuum mechanics) range of behavior.  Traditional 
Monte Carlo simulations of phonon transport use a scaling factor 
such that each scattering event is considered representative of a 
large number of phonons, often on the order of 104 physical 
phonons per simulated event.  The ability to account for every 
phonon scattering event is desirable to enhance model fidelity.  A 
physics-based model using time dependent perturbation theory 
(Fermi’s Golden Rule) is implemented to compute three phonon 
scattering rates for each permissible phonon interaction subject 
to selection rules.  The strength of the interaction is based on use 
of a Gruneisen-like parameter.  Both Type I and Type II 
scattering rates are computed for the allowable interactions that 
conserve energy and momentum (up to the addition of a 
reciprocal lattice vector) on a given discretization of momentum 
space.  All of the phonons in the computational domain are 
represented and phonon populations are updated in momentum 
space and real space based on the computed number of phonons 
involved in given scattering events.    The computational 
algorithm is tested in an adiabatic single cell of silicon of 
dimension 100 x 100 x 100 nm at a nominal temperature of 500 
Kelvin containing approximately 108 fully anisotropic phonons.  
The results indicate that phonon populations return to 
equilibrium if artificially displaced from that condition.  Two 
approaches are introduced to model the relaxation time of 
phonon states: the single mode relaxation time (SMRT) which is 
consistent with the underlying assumptions for previously 
reported theoretical estimates, and the multi model relaxation 
time (MMRT) which is more consistent with in-situ conditions.  
The trends meet physical expectations and are comparable to 
other literature results.  In addition, an estimate of error 
associated with the relaxation times is presented using the 
statistical nature of the model.  The three phonon scattering 
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model presented provides a high fidelity representation of this 
physical process that improves the computational prediction of 
anisotropic phonon transport in the statistical phonon transport 
model. 

Keywords: Phonon Transport, Three Phonon Scattering, 
SPTM 

NOMENCLATURE 
 
δ delta-Dirac function 
γ Gruneisen-like parameter 
ψ state 
νg group velocity 
ω frequency 
Ψ inter-atomic force constant (~ third derivative) 
Π inter-atomic force constant (~ first derivative) 
Φ inter-atomic force constant (~ second derivative) 
a phonon creation/ annihilation parameter 
E energy 
G reciprocal lattice vector 
H Hamiltonian 
i,j,k unit coordinate directions 
k wave vector 
l lattice vector 
M atomic mass 
N normal modes 
n occupation number 
P probability 
s polarization 
u atomic displacement from equilibrium 
V inter-atomic potential 
V volume 

 
1. INTRODUCTION 
 Quasi-particle based phonon transport modeling 
approaches are traditionally called Monte Carlo (MC) 
simulations.  Within these simulations, phonon trajectories are 
tracked as they undergo various interactions [1].  Accurate 
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representation of scattering interactions is important to produce 
effective simulations.  Scattering is the process by which 
phonons interact to change their state.  Three phonon scattering 
is the primary process by which phonon transport is impeded in 
insulating or semiconducting materials.  The representation of 
three phonon scattering in MC simulations been implemented in 
a variety of ways.  Initial works used a constant lifetime [1] or 
lifetimes in the form of simple phenomenological formulas like 
those of Klemens [2].  Some only consider the available partners 
considering conservation of energy and momentum without 
consideration of a scattering strength parameter [3].  Later 
enhancements include the use of relaxation times computed from 
equations proposed by Holland [4].  Relaxation times using 
Fermi’s Golden Rule [5] (time dependent perturbation theory) 
have been presented in many works like those of Ziman [6], 
Reissland [7], Srivastava [8], Hans and Klemens [9], Wang and 
Murthy [10], Esfarjani et al [11], Narumanchi et al [12], Ward 
and Broido [13], Gutierrez et al [14], Sabatti et al [15], Li et al 
[16], and others.  They have been implemented with varying 
degrees of sophistication.  Relative to the models associated with 
the MC approach, they typically lack in several areas.  The 
scattering algorithms all rely on random number generation and 
do not typically directly result in conservation of energy and 
momentum.  For example, Wu et al [17] implements a technique 
that is common in the MC simulation where scattered phonons 
are deleted from the simulation domain and new ones are 
introduced randomly from the equilibrium distribution.  The 
actual number of phonons involved in scattering are not 
physically distributed among the partner states.  This does not 
result in conservation of momentum or energy in an individual 
scattering event.  All use scaling factors to represent the actual 
number of phonons in a given volume and in scattering events.  
For example, Sabatti et al. [18] simulated phonon transport in a 
2 m silicon thermal resistor at 300 K using 130,000 particles 
where each nanosecond of simulation required 1h and 30 
minutes of wall clock time on 50 core processors (the type was 
not specified).  With a cross section of 50 nm, there are on the 
order of 108 phonons in this domain.  Thus, only representing a 
little over 0.1% of the phonons in the domain.  Kukita et al. [19-
21] simulated phonon transport in FinFETs with a gate length of 
22 nm and Fin thickness of 8 nm utilizing about 10,000 particles.  
The Statistical Phonon Transport Model (SPTM) [22-24] was 
introduced to overcome some of the deficiencies of the physical 
models and algorithms of traditional MC codes.  It is based on 
algorithms that allow for representation of all of the phonons in 
a given geometric domain, to eliminate use of scaling factors.  
Within three phonon scattering, energy and momentum 
conservation is strictly enforced.  The need for random number 
generation is eliminated because all of the phonons of a given 
type are distributed according to the probability of a given 
interaction, computed from basic physical principles, among all 
partner states.  Thus, the SPTM allows for increased physicality 
and higher fidelity phonon transport modeling compared to MC.  
In addition, it is well suited for increased computational 
efficiency as individual phonon trajectories are not tracked and 
the code was developed to be implemented in a parallel nature.  

The SPTM can be a flexible, efficient, and accurate tool for 
device level phonon transport modeling applications.  It will 
allow engineers to solve significant problems of practical 
importance in the area of thermal energy management in 
nanoscale devices.   
 
2. METHODS 
2.1 Theory 

Phonons involve vibrational excitations of the atomic 
lattice.  Three phonon scattering creates an interaction that 
changes this state.  The probability that the vibrational state 
changes with time due to three phonon scattering can be 
predicted with  time dependent perturbation theory  using 
Fermi’s Golden Rule [5]  shown in equation 1, 

𝑃̇௡ି௠ ≅
ଶగ

ℏ
|⟨𝜓௠|𝐻ᇱ(𝑡)|𝜓௡⟩|ଶ𝛿(𝐸௡ − 𝐸௠) ,                (1) 

where 𝑃̇௡ି௠ is the probability of transition from state n to m as 
a function of time, ⟨ψ௠|Hᇱ(t)|ψ௡⟩ is referred to as the matrix 
element, or transition amplitude, as it connects the states ψ௡ and 
ψ௠ through the perturbation 𝐻ᇱ(𝑡), and δ(E୬ − E୫) is a delta 
function that enforces energy conservation.  Application of 
Fermi’s Golden Rule to the three phonon interaction involves 
some modification.  The initial state is represented as the state 
where three phonons are present and the final state is one in 
which the population of the reactions either decreases or 
increases based on the type of event.  These states are shown with 
equations 2 – 4 [25]. 

|𝜓௡⟩ = | 𝑛௞௦, 𝑛௞ᇱ௦ᇱ, 𝑛௞"௦"⟩         (2) 

|𝜓௠⟩்௬௣௘ ூ = | 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦" + 1⟩             (3) 

|𝜓௠⟩்௬௣௘ ூூ = | 𝑛௞௦ + 1, 𝑛௞ᇲ௦ᇲ + 1, 𝑛௞"௦" − 1⟩            (4) 

The states are identified with the occupation number, n and are 
labeled by the individual phonon wavevector (k, kᇱ, k" ) and 
polarization (s, sᇱ, s").  In addition to specifying the initial and 
final states, the perturbing Hamiltonian must be specified for use 
in Fermi’s Golden Rule.  For the three phonon interaction this is 
the deviation in the interatomic potential from harmonic.  
Typically, the interatomic potential is expressed as a Taylor 
series expansion about the equilibrium position of the atoms.  
This can be expressed as equation 5 [11], 

𝑉 = 𝑉௢ + ∑ 𝛱௜𝑢௜௜ +
ଵ

ଶ!
∑ 𝛷௜௝𝑢௜𝑢௝௜௝ +

ଵ

ଷ!
∑ 𝛹௜௝௞𝑢௜𝑢௝𝑢௞ +௜௝௞

⋯   (5) 

where u୧ is the displacement of the atom at location i about its 
equilibrium position and, Π୧, Φ୧୨, Ψ୧୨୩ are known as the 
interatomic force constants.  They are related to the first, second, 
and third derivative of the interatomic potential respectively.  We 
are interested in only the third order term for the perturbing 
Hamiltonian.  The classical expression for this is shown with 
equation 6 [8]: 

𝐻ᇱ(𝑡) =
ଵ

ଷ!
∑ 𝛹௜௝௞𝑢௜𝑢௝𝑢௞௜௝௞      (6) 
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Specification of the perturbing Hamiltonian in a form 
appropriate for use in Fermi’s Golden Rule involves promotion 
of the displacement variables to quantum mechanical operators.  
This is defined in equation 7 [7], 

𝑢௟௫ =
ଵ

√ே
∑ ቀ

ℏ

ଶெఠ(௞)
ቁ

ଵ/ଶ
൫𝑎௞௦

ற − 𝑎௞௦൯𝑒ି௜𝒌∙𝒍
௞௦     (7) 

where M is the atomic mass, 𝑁 is the number of normal modes 
over which the summation is performed, ω(k) is the frequency 
associated with phonon mode k, a୩ୱ

ற  is the phonon creation 
operator that creates of phonon of wavevector k and polarization 
s, a୩ୱ is the phonon annihilation operator that destroys a phonon 
with wavevector k and polarization s and l is a lattice vector.  
Substituting the definition of the displacement operator from 
equation 7, it can be shown [7] that the perturbing Hamiltonian 
of equation 6 becomes equation 8.  

𝐻ᇱ(𝑡) =

∑ ∑
ଵ

ଷ!
ቀ

ℏయ

଼ெయேయఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቁ

భ

మ
𝛹௜௝௞൫𝑎௞௦

ற −௞௞ᇲ௞ᇱᇱ௟ ௟ᇲ

௟"

𝑎௞௦൯൫𝑎௞ᇱ௦
ற − 𝑎௞ᇱ௦൯൫𝑎௞"௦

ற − 𝑎௞"௦൯𝑒௜𝒌∙௟𝑒௜𝒌ᇲ∙𝒍ᇱ𝑒௜𝒌ᇲᇲ∙𝒍" 
 (8) 

Equation 8 involves summations over the three wavevectors of 
phonons involved in addition to the locations of the three 
adjacent atoms of the lattice (labeled by lattice vectors to their 
locations l, l’, and l”).  This can be further simplified by 
considering that the above expression should be invariant under 
translation.  That is, if we add a lattice vector (move to a different 
spot in the crystal) the results should be unchanged.  Thus, if we 
add a lattice vector l to each one of the lattice vectors l, l’ and l” 
the following term is introduced: 

ଵ

ே
∑ 𝑒௜(𝒌ା𝒌ᇲା𝒌")∙௟

௟     (9) 

This expression is zero unless 𝐤 + 𝐤ᇱ + 𝐤" is equal to zero or a 
reciprocal lattice vector (G).  This amounts to a delta function 
that has the effect of conserving momentum.  In addition, we can 
take the origin of our lattice to be at position l.  Equation 8 is 
them simplified to equation 10. 

𝐻ᇱ(𝑡) =

∑ ∑
ଵ

ଷ!
ቀ

ℏయ

଼ெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቁ

ଵ/ଶ

𝛹௜௝௞൫𝑎௞௦
ற −௞௞ᇲ௞ᇱᇱ௟ ௟ᇲ

௟"

𝑎௞௦൯൫𝑎௞ᇱ௦
ற − 𝑎௞ᇱ௦൯൫𝑎௞"௦

ற − 𝑎௞"௦൯𝑒௜𝒌ᇲ∙𝒍ᇱ𝑒௜𝒌ᇲᇲ∙𝒍"𝛿௞ା௞ᇲା௞ᇲᇲାீ 
     (10) 

Substituting into Fermi’s Golden Rule (equation 1) for a Type I 
interaction, equation 11 results. 

𝑃̇௡ି௠ ≅

ଶగ

ℏ
อ⟨𝜓௠(𝑥)| ∑ ∑

ଵ

ଷ!
ቀ

ℏయ

଼ெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቁ

భ

మ
𝛹௜௝௞൫𝑎௞௦

ற −௞௞ᇲ௞ᇱᇱ௟ ௟ᇲ

௟"

𝑎௞௦൯൫𝑎௞ᇱ௦
ற − 𝑎௞ᇱ௦൯൫𝑎௞"௦

ற −

𝑎௞"௦൯𝑒௜𝒌∙௟𝑒௜𝒌ᇲ∙𝒍ᇱ𝑒௜𝒌ᇲᇲ∙𝒍"𝛿௞ା௞ᇲା௞ᇲᇲାீ |𝜓௡(𝑥)⟩อ

ଶ

𝛿(𝐸௡ − 𝐸௠) 

    (11) 

A slight simplification produces equation 12. 
𝑃̇௡ି௠= 

ଶగ

ℏ
 {∑ ∑

ଵ

ଷ!
ቀ

ℏయ

଼ெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቁ

భ

మ
𝛹௜௝௞𝑒௜𝒌∙௟𝑒௜𝒌ᇲ∙𝒍ᇲ

𝑒௜𝒌ᇲᇲ∙𝒍"𝛿௞௞௞ᇲ

௞ᇲᇲ
௟ ௟ᇲ

௟"

𝛿ா} ∙

ଶ

 

ห⟨𝜓௠(𝑥)|൫𝑎௞௦
ற − 𝑎௞௦൯൫𝑎

௞ᇲ௦

ற − 𝑎௞ᇲ௦൯൫𝑎௞"௦
ற − 𝑎௞"௦൯|𝜓௡(𝑥)⟩ห

ଶ
  

 (12) 

Evaluation of the squared modulus requires knowledge of how 
the annihilation and creation operators act on the three phonon 
state.  This is shown with equations 13 – 14. 

𝑎௞௦
ற | 𝑛௞௦, 𝑛௞ᇱ௦ᇱ, 𝑛௞"௦"ൿ = ( 𝑛௞௦ + 1)ଵ/ଶ| 𝑛௞௦ +

1, 𝑛௞ᇱ௦ᇱ, 𝑛௞"௦"ൿ   (13) 

𝑎௞௦| 𝑛௞௦, 𝑛௞ᇲ௦ᇲ , 𝑛௞"௦"⟩ =  (𝑛௞௦)ଵ/ଶ| 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ , 𝑛௞"௦"ൿ 
   (14) 

Enforcing orthogonality of the state vectors implies that the only 
terms that will survive the inner product are the ones where the 
groups of three operators act on the initial state to produce the 
final state.  For a Type I event, there are only six terms in the 
summation over the wavevectors (k, k’ and k”) that result in a 
non-zero inner product.  They also all produce the same value 
and an example of this for a Type I event is shown in equation 
15 [26]. 

⟨ 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦" + 1|𝑎௞௦𝑎௞ᇲ௦ᇲ𝑎௞"௦"
ற | 𝑛௞௦ , 𝑛௞ᇱ௦ᇲ , 𝑛௞"௦"ൿ 

= ⟨ 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦"

+ 1| (𝑛௞௦)
ଵ
ଶ (𝑛௞ᇲ௦ᇲ)

ଵ
ଶ ( 𝑛௞"௦" + 1)

ଵ
ଶ | 𝑛௞௦

− 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦" + 1඀ 

=  (𝑛௞௦)
ଵ
ଶ (𝑛௞ᇲ௦ᇲ)

ଵ
ଶ( 𝑛௞"௦" + 1)

ଵ
ଶ⟨ 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦"

+ 1|| 𝑛௞௦ − 1, 𝑛௞ᇲ௦ᇲ − 1, 𝑛௞"௦" + 1⟩ 

=  (𝑛௞௦)
భ

మ (𝑛௞ᇲ௦ᇲ)
భ

మ( 𝑛௞"௦" + 1)
భ

మ          (15) 

The transition rate for a Type I scattering event becomes equation 
16. 

𝑃̇௡ି௠ ≅
𝜋

ℏ

1

3!ଶ

ℏଶ

4𝑀ଷ𝑁𝜔(𝑘)𝜔′(𝑘′)𝜔"(𝑘")
∙ 

∑ ൫𝛹௜௝௞𝑒௜𝒌∙௟𝑒௜𝒌ᇲ∙𝒍ᇲ
𝑒௜𝒌ᇲᇲ∙𝒍"൯

ଶ
𝑛௞௦𝑛௞ᇲ௦ᇲ(𝑛௞"௦" + 1)௟ 𝛿(𝜔(k) −

𝜔ᇱ(𝑘ᇱ) − 𝜔"(𝑘"))     
      (16) 
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Prior to implementation of the above equation, the anharmonic 
strength term (the Fourier transform of the third order derivative 
of the interatomic potential) must be specified.  This work  
approximates the term Ψ୧୨୩e୧𝐤∙୪e୧𝐤ᇲ∙𝐥ᇲ

e୧𝐤ᇲᇲ∙𝐥"using the Gruneisen 
parameter [11], as shown in equation 17, 

∑ 𝛹௜௝௞𝑒௜𝒌∙௟𝑒௜𝒌ᇲ∙𝒍ᇱ𝑒௜𝒌ᇲᇲ∙𝒍"
௟ ≅

ି଺ఊೖೞெఠ"(௞")మ

௔
  , (17) 

where γ୩ୱ is the Gruneisen parameter, M is the atomic mass, 
𝜔"(𝑘") is the frequency of the third phonon partner and a is the 
lattice constant.  The Gruneisen parameter is directly related to 
the change in normal mode frequency due to a change in the 
lattice constant of the crystal thus, it is physically reasonable to 
use this parameter to estimate the anharmonic scattering strength 
as it is directly related to the anharmonic nature of the 
interatomic potential.  (The Gruneisen parameter is treated as an 
adjustable parameter that is modified to reproduce physically 
expected results at Fourier length scales when the three phonon 
scattering model is incorporated into the SPTM.  This will help 
ensure physically accurate representation of this scattering 
mechanism.)  The transition rate for a Type I interaction becomes 
equation 18. 

𝑃̇௡ି௠ ≅
గℏ

ସெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቀ

ఊೖೞ
మ ெమఠ"(௞")ర

௔మ ቁ 𝑛௞௦𝑛௞ᇲ௦ᇲ(𝑛௞"௦" +

1)𝛿(𝜔(k) − 𝜔ᇱ(𝑘ᇱ) − 𝜔"(𝑘")) (18) 

The SPT Model of Brown III and Hensel [22] computes an 
interaction table for use in three phonon scattering 
implementation.  This interaction table consists of pseudo-states 
that can participate in three phonon scattering events based on 
the selection rules for energy and momentum conservation.  Each 
pseudo-state represents a volume in wavevector space.  For a 
given scattering interaction, the scattering rate must be modified 
to represent this fact.  As in the form of equation 18, it can be 
thought of as the scattering rate per unit volume in real space and 
in wave vector space.  This amounts to the following 
manipulation. 

𝑃̇௡ି௠ ≅
గℏ

ସெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቀ

ఊೖೞ
మ ெమఠ"(௞")ర

௔మ ቁ 𝑛௞௦𝑛௞ᇱ௦ᇱ(𝑛௞"௦" +

1) ∑ 𝛿(𝜔(k) − 𝜔ᇱ(𝑘′) − 𝜔"(𝑘"))௞ି௩௢௟௨௠௘   
 (19) 

The summation can be transformed to an integral in wavevector 
space as in equation 20. 

𝑃̇௡ି௠ ≅
గℏ

ସெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቀ

ఊೖೞ
మ ெమఠ"(௞")ర

௔మ ቁ 𝑛௞௦𝑛௞ᇱ௦ᇱ(𝑛௞"௦" +

1) ∫
௏

(ଶగ)య 𝛿(𝜔(k) − 𝜔ᇱ(𝑘ᇱ) − 𝜔"(𝑘"))𝑑𝒌  

 (20) 

The integral of the delta function over the region in wavevector 
space can be changed to an integral over a surface in wavevector 
space where the frequency is within an infinitesimal band and 

thus energy conservation is satisfied.  The following substitution 
(equation 21) can be made [27], 

∫
௏

(ଶగ)య 𝛿(𝜔(k) − 𝜔ᇱ(𝑘ᇱ) − 𝜔"(𝑘"))𝑑𝒌
௞

=

∫
௏

(ଶగ)య 𝛿(𝜔(k) − 𝜔ᇱ(𝑘ᇱ) − 𝜔"(𝑘"))
ௗௌௗ௞ௗఠ

ௗఠఠ
 , 

 (21) 

where, V  is the volume of the crystal, 
ୢன

ௗ௞
 is the group velocity 

(𝑣௚) and S is a surface in momentum space of constant 
wavevector.  The integral of the delta function with respect to 
frequency becomes unity and equation 20 becomes equation 22. 

𝑃̇௡ି௠ ≅
గℏ

ସெయேఠ(௞)ఠᇱ(௞ᇱ)ఠ"(௞")
ቀ

ఊೖೞ
మ ெమఠ"(௞")ర

௔మ ቁ 𝑛௞௦𝑛௞ᇱ௦ᇱ(𝑛௞"௦" +

1)
௏

(ଶగ)య ∫
ௗௌ

௩೒௞ି௖௘௟
   (22) 

The remaining difficulty comes in evaluating the integral over 
the surface S.  It is assumed the surface takes a spherical shape.  
Thus, the integral results in a portion of the surface area of a 
sphere that is contained within one of the volume elements in k-
space.  This surface area is approximated as the cross sectional 
area of a pseudo-state volume element (kxky). 
 
2.2 Implementation.  

Application of the scattering rate model from Fermi’s 
Golden Rule to calculate three phonon scattering within the 
framework of the statistical phonon transport model begins with 
computation of the available scattering partners within the 
geometric domain and the phase space that ensure both energy 
and momentum conservation.  This is done through the creation 
of an interaction table that is pre-computed and stored for 
scattering calculations [22-24].  This concept is similar to, but 
predates, that of Sabatti et al [18].  Computation of the 
interaction table starts with a search scheme applied to the 
discretized First Brillouin Zone (FBZ).  In this initial step, the 
wavevector of the centroid of each element is compared to every 
other one in the FBZ to determine all of the combinations that 
conserve momentum.  Because phonons are assumed to be 
evenly distributed over the k-space element, the size of the 
volume element must be considered when applying momentum 
conservation constraints.  That is, it is possible for phonons that 
are relatively low in wavevector within each combination to 
produce phonons outside of the resultant element if just centroids 
are considered.  This is accounted for in the fact that each 
combination of two element partners can add to create one of 
eight possible outcomes.  This is illustrated in a two dimensional 
case with Figure 1, 
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FIGURE 1:  DETERMINATION OF INTERACTING 
ELEMENTS.  REPRODUCED FROM [22]. 

where m1 and m2 indicate the two scattering partner elements 
that combine to produce element m3.  Momentum conservation 
is ensured up to the addition of a reciprocal lattice vector (G) and 
both normal and Umklapp processes are considered.   

If an interaction is deemed to satisfy momentum conservation, it 
is then checked for energy conservation.  This is done by 
comparing the frequencies of each of the six modes at the 
centroid of a given element to the frequencies of the modes 
corresponding to the centroids of the partner elements.  
Comparison of the frequencies to satisfy energy conservation 
involves the use of a pre-specified relative tolerance (ωୣ୮ୱ).  
This is illustrated with equation 23. 

ఠ"(௞")ିఠᇲ(௞ᇲ)ିఠ(௞)

ఠ"(௞")
< 𝜔௘௣௦   (23) 

The interactions that are deemed to meet the criteria of equation 
23 are included in the three phonon scattering interactions.  The 
number of interactions that result is directly dependent on the 
value of the tolerance.  Too small of a tolerance will result in 
artificially limiting the number of interactions.  And conversely, 
too large of a tolerance will allow too many interactions that will 
be both computationally intensive and induce non-physical 
results.  Based on a sensitivity performed, this work selected a 

tolerance that was large enough to ensure that all pseudo-states 
within the FBZ are ensured to have at least one scattering 
interaction.  Thus, there are zero non-participating states.  This 
ensures that the change in the population (number of phonons) 
of a given pseudo-state will have a basis in the three phonon 
scattering physics discussed in the preceding section.  The value 
used for the tolerance that meets this criteria is 2.75 E-5, which 
is approximately five orders of magnitude less than the value of 
ω"(k").  If a three phonon partner passes the energy and 
momentum checks, it is added to the interaction table and the 
process continues.  The current work uses a table that involves 
1,334,112 three phonon scattering interactions.  The value of the 
tolerance, ωୣ୮ୱ, is dependent on the mesh size chosen to 
discretize the FBZ.  At larger mesh values, the size of the volume 
element in wavevector (and therefore frequency) space will be 
smaller.  This has the effect of enforcing a tighter tolerance on 
energy conservation and implies that the value of ωୣ୮ୱ could also 
be reduced to produce the same effect noted above in regard to 
ensuring all pseudo-states have at least one scattering interaction. 

After computation of the available three phonon scattering 
partners, scattering is computed at each computational time step 
within the geometric domain of interest.  A value of 1 ps was 
used for the time step and the size of the geometric domain was 
a 100 nm cube.  In general, the size of the geometric cell is 
chosen such that no single phonon can traverse a single cell in a 
single time step.  Thus, all phonons within the geometric cell are 
assumed to have the ability to participate in three phonon 
scattering.  The equations for the scattering rates (Type I Rate 
and Type II Rate) computed from Fermi’s Golden Rule (equation 
22) are applied to each interaction listed in the interaction table.  
This allows for the computation of a probability of both a Type 
I and Type II interaction in the chosen time step.  This probability 
is applied to the population of phonons associated with the least 
populated state involved in the interaction to compute the 
number of Phonons Created or Phonons Destroyed due to the 
single scattering event in a single time step.  An illustration of 
the results of this calculation applied to three, three phonon 
interactions is shown in Table 1, 

TABLE 1:  EXAMPLE OF IMPLEMENTATION OF SCATTERING EQUATIONS IN INTERACTION TABLE 

Partner 1 Partner 2 Partner 3 
Type I 
Rate 

Type II 
Rate 

Phonons 
Created 

Phonons 
Destroyed 

k  n k’ ’ n’ k” ” n”     
(1/m) (rad/s) (-) (1/m) (rad/s) (-) (1/m) (rad/s) (-) (1/s) (1/s) (#) (#) 

7.16E+08 2.50E+12 25.6862 6.33E+09 2.12E+13 2.61457 7.43E+09 2.37E+13 2.29203 9.25E+09 9.25E+09 4.82E+01 4.82E+01 
1.37E+09 4.86E+12 12.9749 6.55E+09 8.67E+13 0.362271 6.95E+09 9.15E+13 0.328244 5.23E+09 5.24E+09 3.93E+00 3.94E+00 
2.95E+09 2.38E+13 2.28055 1.09E+10 6.46E+13 0.594211 1.21E+10 8.84E+13 0.349733 7.15E+08 7.15E+08 5.69E-01 5.69E-01 

where the wavevector (k), frequency (and occupation 
number of phonons (n) are shown for each of the three scattering 
partners involved in a given interaction.  All energy and 

momentum conserving events in the interaction table involving 
a given pseudo-state are considered when determining the 
overall change in the population of that state.  Thus, populations 

 

 

m3
m2

m1
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are updated with exact number of phonons created or destroyed 
and this redistribution of phonons from scattering is done within 
the phase space.   

3. RESULTS AND DISCUSSION 
Implementation of the scattering algorithm described within 

the framework of the SPTM leads to physically accurate results 
and allows for physical insight not attainable with other methods.   
 
The scattering algorithm returns the phonon population to the 
Bose Einstein equilibrium [27] distribution after being initially 
displaced from that condition at a rate which is physically 
reasonable and  comparable to prior results in literature.  This is 
first illustrated by displacing single states from equilibrium (one 
at a time) and allowing them to decay back to equilibrium.   
The rate at which a select state decays to equilibrium is shown 
with Figure 2. 

 

 
FIGURE 2:  NORMALIZED SINGLE MODE PHONON 
POPULATION DECAY FOR PSEUDO-STATE 20 DUE TO 
THREE PHONON SCATTERING  

Since all other states are at equilibrium in this scattering 
simulation, this is representative of the single mode decay rate.  
Typically, phonon state dynamics are illustrated with the single 
mode relaxation time (SMRT) concept.  The SMRT is defined as 
the representative time over which a given state decays to 
equilibrium if it is the only state perturbed from equilibrium.  It 
is illustrated with equation 24 [28], 

−
డ௡ೖೞ

డ௧
ቚ

௦௖௔௧௧௘௥௜௡௚
=

௡ೖೞି௡തೖೞ

ఛೖೞ
   (24) 

where n୩ୱis the time dependent phonon distribution function, nത୩ୱ 
is the Bose Einstein distribution function and τ୩ୱ is the relaxation 
time associate with the mode ks.  The SMRT concept inherently 
assumes that the decay curve is exponential in nature and this is 
not always a good fit.  This work presents results which may be 
compared to reported values of SMRT by estimating a single 
mode decay time constant. The time when the population of a 
given mode has  decayed to within 4.98 percent of equilibrium 

is defined  equal to three time constants.  For pseudo-state 20 
(Figure 3), this definition produces an estimated SMRT of 
2810/3 ps or 937 ps.  The scattering algorithm presented herein 
was used to estimate SMRT values for acoustic and optical 
modes in the 100 direction in Figure 4. 

 
FIGURE 3:  SINGLE MODE RELAXATION TIMES. 
PREDICTIONS IN 100 DIRECTION, MESH 14, GUNEISEN 
OF 1.1 AND T= 500K.  NOTE THAT THE DATA FROM 
ESFARJANI [11] IS FOR ALL DIRECTIONS AND AT 277K. 

Figure 3 compares the values computed from this work to those 
of Esfarjani et al. [11].  The general range of values and trends 
agree.  It is noted that this is not precisely a 1:1 comparison, as 
the Esfarjani data is for all directions and differs in temperature 
from those of this work.  As future work, a comparison of 
SMRT’s will be made at the same temperature and the Gruneisen 
parameter will be used as an adjustable input to ensure that the 
SPTM can reproduce higher fidelity published relaxation times 
as well as physically expected thermal conductivities at Fourier 
length scales.  This may seem arbitrary but it is no more arbitrary 
than the choice of an energy conservation tolerance as this 
directly affects the number of allowed scattering interactions and 
thus the relaxation times of a given pseudostate. 
 
Single mode decay is not a physically realistic scenario and is a 
concept which has been previously introduced as the result of 
prior numerical algorithm approximations.  A transient that 
would tend to perturb one state from equilibrium will likely 
perturb other state from equilibrium in a physical setting.  To 
simulate this effect, the phonon distribution is randomly 
displaced from equilibrium by at most either positive thirty-five 
percent or negative thirty-five percent.  The scattering algorithm 
is then implemented, and the phonon population is allowed to 
relax due to three phonon interactions back to equilibrium.  The 
initially perturbed phonon population is shown relative to 
equilibrium in Figure 4, 
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FIGURE 4:  INITIAL PHONON POPULATION FOR 
SCATTERING TESTING RELATIVE TO EQUILIBRIUM.  
ISOTHERMAL 100 NM CELL AT A TEMPERATURE OF 
500 K. 

where the solid blue line represents the equilibrium number of 
phonons expected in a 100 nm cell of silicon at 500 K as a 
function of frequency in THz.  The solid green circles show the 
artificially displaced phonon population at time zero.  As the 
calculation proceeds over a given amount of time, the relaxation 
of the population to equilibrium is shown with Figure 5.   

 
FIGURE 5:  RELATIVE DEVIATION OF THE PHONON 
POPULATION FROM EQUILIBRIUM 

The solid green circles are the initial phonon population, the blue 
plus signs indicate the relative deviation after 1000 ps and the 
red triangles after 25 000 ps.  The results demonstrate that, absent 
external influences, the phonon population tends toward 
equilibrium.  This is physically reasonable behavior and 
expected from the formulation of the scattering algorithm.   
 
The results from Figure 5 show the overall phonon population 
dynamics but, it is also of interest to examine individual pseudo-
state dynamics.  This can be shown with the specific phonon 

populations as a function of time for a select number of pseudo-
states.  The relaxation of the six modes corresponding to a given 
wavevector are considered in Figure 6.  This relaxation rate is 
referred to as the Multi-mode relaxation time (MMRT) to 
distinguish it from the SMRT. 

 
FIGURE 6:  NORMALIZED PHONON POPULATION 
DECAY DUE TO SCATTERING FOR SIX MODES AT A 
WAVEVECTOR OF 3.76E9 1/M.  THE FREQUENCIES 
RANGE FROM APPROXIMATELY 2 THZ FOR TA1 TO 14.9 
THZ FOR TO1. 

The different markers illustrate the decay curves of the acoustic 
and optical modes at a wavevector of 3.76E9 1/m in the 100 
direction.  All curves show the normalized deviation in the 
phonon population from equilibrium as a function of time.  As 
each curve represents a different phonon mode at a given wave 
vector, they are all at different frequencies.  In general, the higher 
frequency optical modes have smaller MMRT than the relatively 
lower frequency acoustic modes.  This is due to the fact that the 
scattering strength is directly related to the frequency of the 
mode as well as the fact that the higher frequency modes have a 
larger number of scattering partners as they can decay into many 
different combinations of pseudo-states. 
 
The flexibility of the scattering algorithm in the SPTM and the 
physical nature of the model itself allows investigation into 
phenomenon that may not be available in other models and 
confidence in associated predictions.  One such phenomenon is 
the sensitivity of the MMRT to the initial deviation and condition 
of partner pseudo-states from equilibrium.  The symmetry of the 
FBZ in the SPTM and the random nature of the initial condition 
allows this to be determined with relative ease as multiple 
samples of decay from a given pseudo-state are available within 
a given simulation.  This is shown with Figure 7, 
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FIGURE 7:  NORMALIZED POPULATION DECAY FOR 
THE EIGHT REPLICATES OF A GIVEN PSEUDO-STATE. 
LA, 100 DIRECTION, = 3.7879 THZ. 

where each curve indicates decay of a pseudo-state represented 
in the SPTM.  Each of the pseudo-states illustrated above have 
the same characteristics (wavevector, frequency, and population) 
because of symmetry of the FBZ.  The three phonon partner 
states associated with the above pseudo-states share the same 
characteristics of wavevector and frequency.  They differ only in 
the relative deviation of those states from equilibrium due to the 
random initial condition.  One may postulate that the random 
nature of the displacement from equilibrium would produce a net 
zero effect on the scattering rates.  This is not the case as all 
interactions are not equally weighted in regard to the overall 
effect on the population of a given state.  Some have a larger 
affect due to the characteristics of the interacting phonons.  The 
occupancy of the partner states has a direct effect on the 
computed scattering rates for a given interaction and thus has a 
direct effect on the relaxation of the state to equilibrium despite 
all other factors being equal.  That is, the rate of decay of any 
given state to equilibrium is directly affected by the state of the 
entire system.  This leads to variability in the relaxation time.  
This variability is shown for all the longitudinal acoustic pseudo-
states in the 100 direction with Figure 8. 

 
FIGURE 8:  LONGITUDINAL ACOUSTIC MMRT WITH 
ERROR BARS COMPARED TO SMRT. 100 DIRECTION, 
GUNEISEN OF 1.1, AND T= 500K. 

Figure 9 shows the average multi-mode relaxation time for the 
LA states in the 100-direction computed from decay rates of the 
eight symmetric states in the FBZ.  It demonstrates that 
significant variability in the MMRT can occur due to the exact 
configuration of all partner pseudo-states. 

 

4. CONCLUSION 
A physics based three phonon scattering algorithm 

employing Fermi’s golden rule to approximate the probability of 
discrete phonon interactions has been presented within the 
framework of the Statistical Phonon Transport Model (SPTM).  
The algorithm enforces strict conservation of energy and 
momentum in contrast to traditional Monte Carlo algorithms. 
Results demonstrate the algorithm achieves full fidelity of the 
entire phonon population present in a physical domain, while 
incorporating fully anisotropic dispersion relations and 
permitted all concurrent phonon polarizations.  Results 
demonstrate the algorithm approaches the theoretical limit of the 
Bose distribution when arbitrarily disturbed from equilibrium. 
Results from the scattering algorithm exhibit good agreement 
with previously published reports of the Single Mode Relaxation 
Time (SMRT).  The Multi-Mode Relaxation Time (MMRT) is a 
measure of phonon relaxation time which better reflects physical 
phenomena occurring in crystalline lattice materials. The 
physically realistic theory underlying the scattering algorithm, in 
conjunction with the numerical framework of the SPTM, will 
allow flexible, efficient, and accurate prediction of thermal 
behavior in nanoscale devices over a range of length and time 
scales.  
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